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[1] Implementation of an observation-modeling algorithm is necessary in order to make
use of Slant Delay (SD) observations, processed from ground-based Global Positioning
System (GPS) measurements, in Numerical Weather Prediction (NWP). This article
introduces an algorithm for SD observation modeling. The algorithm is an extension of
radio-occultation bending-angle observation modeling to ground-based GPS meteorology,
and it is based on ray-tracing in a two-dimensional plane. The new algorithm is
implemented in the framework of the High Resolution Limited Area Model (HIRLAM) in
order to allow comparison with a reference model, that has been published earlier. Only
insignificant differences are found between observation minus model background (OmB)
statistics of the two implementations. In terms of computational efficiency, the new
approach is found to be cheaper to apply in the NWP systems currently in use. However,
the computational efficiency of the new implementation is shown to rapidly increase with

increasing NWP model resolution.
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1. Introduction

[2] Atmospheric refractivity decreases microwave propa-
gation speed and causes tropospheric delay, which influen-
ces applications of the Global Navigation Satellite System
(GNSS) [e.g., Bevis et al., 1992; Elgered et al., 2005].
Geodetic processing of ground-based measurements from a
continuously operating Global Positioning System (GPS)
receiver network allows one to estimate tropospheric delays
on slanted signal paths through the atmosphere. These
estimates are referred to as Slant Delay (SD) observations
and they are considered as a potential observation type for
operational Numerical Weather Prediction (NWP) systems
in future [de Haan et al., 2002; Ha et al., 2003; Liu and
Xue, 2006; Jarvinen et al., 2007].

[3] Development of limited area NWP systems currently
aims at modeling of mesoscale phenomena with life-times
of a few hours and horizontal scales of some tens of
kilometers. The observing systems used in the present
operational NWP systems are not believed to be sufficient
in order to provide information in these scales. Therefore
increased spatial and temporal resolution is required from
the future observing networks. Various methods based on
remote sensing technology are recognized to carry potential

"Research and Development, Meteorology, Finnish Meteorological
Institute, Helsinki, Finland.

European Centre for Medium-ranged Weather Forecasts, Research
Department, Data Division, Reading, UK.

3Research and Development, Climate Change, Finnish Meteorological
Institute, Helsinki, Finland.

Copyright 2008 by the American Geophysical Union.
0148-0227/08/2007JD009256$09.00

to fulfill such requirements [e.g., Schmetz et al., 2002; Le
Marshall et al., 2002; Feltz et al., 2003].

[4] Remote sensing measurements are typically indirect
observations of the NWP model variables. Observation
modeling provides a tool for data assimilation of such
observations [Andersson et al., 1994; Derber and Wu,
1998; Chevallier et al., 2004]. In data assimilation frame-
work, the algorithm performing observation modeling is
called an observation operator. Modeling of SD observa-
tions consists of numerical integration of atmospheric
refractivity along the signal path [Eresmaa and Jéirvinen,
2006]. However, since the signal path depends on the three-
dimensional refractivity distribution, the observation mod-
eling is more complicated than a mere numerical integra-
tion. Determination of the signal path needs to be performed
as part of the observation modeling.

[5] Methodological development is taking place on data
assimilation of bending-angle observations processed from
GPS radio occultation (RO) measurements [Poli and Joiner,
2004; Healy et al., 2007]. These observations have been
shown to have a positive impact on global NWP forecasts
[Healy and Thépaut, 2006]. The impact is particularly
pronounced in analysis of stratospheric and upper tropo-
spheric temperature. Observation modeling of the GPS RO
observations involves determination of the GPS signal path
in a two-dimensional plane as a solution to a set of partial
differential equations.

[6] In this article, the approach used for GPS RO obser-
vation modeling is extended to modeling of ground-based
GPS slant delay observations. Instead of a satellite-to-
satellite signal path, a satellite-to-ground-based receiver
signal path is considered with essentially the same algo-
rithm as is used for GPS RO observation modeling. The
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new SD observation modeling algorithm is implemented in
the framework the High Resolution Limited Area Model
(HIRLAM; Undén et al. [2002]), and it is compared with a
reference model that has been published earlier [Eresmaa
and Jdrvinen, 2006]. The new algorithm is described and
the reference model is outlined in section 2. Later sections
focus on validating the new implementation by means of
observation minus model background (OmB) statistics
(section 3), behavior of modeled SD at very large satellite
zenith angles (section 4), and computational efficiency
(section 5). The implications of the results in variational
data assimilation in general and in weather radar observa-
tion modeling are discussed in section 6, followed by
conclusions drawn in section 7.

2. SD Observation Modeling

[7] This section describes the modeling of SD in the
framework of the HIRLAM NWP system. The analysis
system of HIRLAM is based on variational data assimila-
tion (HIRLAM 3/4D-Var [Gustafsson et al., 2001; Lindskog
et al., 2001]). The variational data assimilation algorithms
use iterative methods to find the NWP model state x which
minimizes the cost function

J6) =5 0= x0) B (x = 30) 3 (y — H)R (y — ).

(1)

N —

where X, is the background field, y is the vector consisting
of observations, H is the observation operator, and B and R
are the background and observation error covariance
matrices, respectively. The background field x, is a short-
term forecast from the previous analysis cycle. In addition
to the nonlinear observation operator H, the iterative
minimization of the cost function (1) makes use of the
tangent linear and adjoint versions of the observation
operator.

[8] The NWP model state vector x of the HIRLAM 3D-
Var consists of the grid point values of temperature (7),
specific humidity (g), horizontal wind components (u, v)
and logarithm of surface pressure (In p,). Pressure p at the
NWP model levels follows uniquely from the NWP model
variables under the hydrostatic assumption.

2.1. Tropospheric Refraction

[v] The effect of the neutral atmosphere on GPS signal
propagation is referred to as tropospheric refraction [e.g.,
Hofmann-Wellenhof et al., 2001]. The SD observation
operators are built upon the definition of the excess path
length due to tropospheric refraction,

SD:/ndsf/dg
:/(n—l)ds+ /ds—/dg : (2)

where s is the signal path through the atmosphere, 7 is the
real part of the atmospheric refractive index, and g is the
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geometrical signal path that would occur in the hypothetical
case of no atmosphere affecting the signal propagation.
Definition (2) shows that SD arises from deviations of n
from unity along s (the first term on the right-hand-side) on
the one hand, and from the increase of the signal path length
due to tropospheric refraction (the remaining terms) on the
other. The latter effect is sometimes called geometric delay
[Elgered et al., 2005]. As this phenomenon is of importance
only at large zenith angles, the definition (2) is often
approximated as

SD%/(n— 1)ds = 10’6/Nds, (3)

s

where N = 10°(n—1) is called refractivity.
[10] Making use of the ideal gas assumption allows one to
derive a relationship

Pl
N=h's+hotho (4)

for N at microwave frequencies [Bevis et al, 1992].
Refractivity is thus a function of dry air and water vapor
pressures (p; and e) and temperature (7). As shown by
Eresmaa and Jdrvinen [2006], (4) can be further modified
to

k ky — k
N:1_P+ (ko — ki)gp

T (06221 03789)T

(0.622 + 0.378¢) T2

This study applies values suggested by Bevis et al. [1994]
for the refractivity coefficients. These are k; = 77.60 K
hPa~', k, =70.4 K hPa~' and k3 = 3.739 x 10 ° K> hPa .

2.2. New Algorithm

[11] The new approach for the SD observation modeling
is based on a two-dimensional ray-tracing code that is
originally developed for data assimilation of GPS RO
bending angle measurements [Healy et al., 2007], following
Rodgers [2000]. This approach is hereafter referred to as the
Least Traveltime (LTT) algorithm. Motivation for this
convention follows from the fact that the ray-tracing method
searches for the signal path that provides the shortest
possible traveling time from the transmitter to the receiver.

[12] The LTT algorithm operates on a two-dimensional
plane that is defined by the center of the Earth, the ground-
based receiver and the GPS satellite. Each signal path
element lies on this plane, at a radius » from the center of
the Earth and at an angular separation ¢ to an arbitrary
reference direction. The coordinates of the receiver and the
satellite are denoted by (7,ee, Vyee) and (Fgusr Wsar), TESPEC-
tively. The reference direction is chosen such that ,,. = 0.

[13] The input to the LTT algorithm consists of a two-
dimensional array of refractivity as a function of radius r
and angular separation ), as interpolated to the two-dimen-
sional plane from the three-dimensional NWP model state.
The signal path is obtained as a set of path elements (r, ),
which satisfy the differential equations

d
d—: = cos ¥, (6)
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where s is the distance along the signal path, and 6 is the
angle between the local radius vector and the tangent to the
signal path (local zenith angle), see Figure 9.2 by Rodgers
[2000]. The equations are solved here with a fourth-order
Runge-Kutta method. It is assumed that the refractivity
decays exponentially with increasing height between two
adjacent NWP model levels.

[14] The signal path calculation is started at (7,ec, Uyec)
and it is continued until ry, is reached. Since the atmo-
spheric effect to signal propagation varies from time to time,
the zenith angle 0,.. at (,ec, Vyec) 18 not known prior to SD
modeling and signal path determination. Therefore 6,.. is
first set equal to the geometrical zenith angle 0, of the
satellite, i.e., the zenith angle at which the satellite would be
seen in the hypothetical case of no atmosphere affecting the
signal propagation. As the signal path calculation proceeds
toward higher altitudes, the modeled SD is aggregated by
integrating the refractivity along the signal path by the
Runge-Kutta solver. Contribution of SD from above the
NWP model top is modeled with the Saastamoinen formula
[Saastamoinen, 1972].

[15] As 0, is initially set equal to the geometrical zenith
angle of the satellite, the resulting signal path will generally
not meet the satellite. In other words, the angular separation
1 of a signal path element at r,, will be different from .
Therefore the calculation of the signal path and SD is
repeated by using an updated 0,... The update reduces 0,
to account for the signal path bending. The final SD is
approximated as a linear combination of the two estimates
through

and (7)

do
d— —sin 9

where SD; and SD, are the slant delays calculated for the
first and the second signal path, respectively. The weighting
w is given by

1/)2 wsat
s 1o
where 1, and 1, are the angular separations of the
endpoints of the two signal paths, respectively. In principle,
the accuracy of the LTT algorithm could be further
increased by searching the optimal 6, iteratively on the
cost of increased computing time.

2.3. Reference Model

[16] The Geometrical Path Corrected (GPC) model
[Eresmaa and Jdrvinen, 2006] provides a reference for
validation of the new implementation in this article. In the
GPC model, the geometrical signal path g, that appears in
equation (2), is used as a starting point for the signal path
determination. The main assumption of the GPC model is
that a sufficient accuracy for the signal path determination
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can be achieved by applying an explicit refractivity-depen-
dent correction to the geometrical zenith angle. The signal
path s is defined as a set of coordinates of the intersections
of s with each of the NWP model levels.

[17] The explicit correction for the refractive bending is
based on the Snell’s law of wave propagation. It is assumed
that the apparent zenith angle 6, is only a function of the
geometrical zenith angle 0, and the refractivity N through

sinfy
10N+ 1 (1)
The apparent zenith angle is calculated separately at each
NWP model level — signal path intersection.

[18] Note that the explicit correction makes the process of
signal path determination iterative. This follows from the
fact that the intersection coordinates depend on refractivities
at the intersections and vice versa. In practice, it is found
sufficient to carry out the intersection determination twice.
Equation (11) is then applied only during the second
iteration step, after determining the approximate N during
the first iteration step. The iteration decreases the compu-
tational efficiency of the GPC model.

[19] Once the signal path intersections are determined, the
NWP model variables are interpolated to the intersections
using bilinear interpolation method, and the refractivity at
the intersections is determined by applying equation (5). SD
is obtained as a numerical integral of equation (3) through
the following procedure.

[20] (1) For each layer i between two adjacent NWP
model levels, the parameters a; and b; of

N = exp(a; + biz), (12)
are solved separately. In equation (12), z is the intersection
height. As both N and z at the top and at the bottom of each
layer are known, this parameter determination is unique.

[21] (2) Equation (12) is substituted in equation (3) and
integrated analytically (with respect to z) in each layer. This
results in

106/Nd

where z; ; 1 and z; are the heights of the intersections i + 1
and 7, respectively. These determine the lower and the upper
boundaries of the layer i.

[22] (3) In each layer i, the integral (13) is scaled by the
cosine of the apparent zenith angle 6, ; in order to account
for the slanted signal path. This scaling provides the
contribution SD; originating from the layer i:

exp(a; + biz;) — exp(a; + b; Z,+1)
10%b;

(13)

exp(a; + bizi) — exp(a; + biziy1)

SD; =
10%b;co0s0,, ;

(14)

[23] (4) Contributions from all layers in vertical are
summed up to obtain the total NWP model resolved SD.

[24] (5) The contribution from above the NWP model top
as determined by the Saastamoinen formula [Saastamoinen,
1972] is added to complete the SD determination.
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Table 1. Summary of the Assumptions Made in the Two Modeling Algorithms

Assumptions that are common to the two algorithms
SD is only a function of pressure, temperature and specific humidity along the signal path, i.e., contributions of e.g., aerosols and liquid water are negligible.

Geometric delay is considered negligible, i.e., ([, ds — [, dg) = 0.

Air is approximated as an ideal gas.

Values suggested by Bevis et al. [1994] are used for ky, k> and k3.
Refractivity decays exponentially between two adjacent NWP model levels.

The formula of Saastamoinen [1972] is used for SD contribution from above the NWP model top.

Assumptions that are specific to the LTT algorithm
The signal path is restricted to the two-dimensional plane determined by the satellite, the receiver and the center of the Earth.
SD is a linear combination of two preliminary estimates that differ in terms of the zenith angle at the receiver.

The signal path and SD are computed simultaneously.

Assumptions that are specific to the GPC algorithm
The apparent zenith angle follows from the geometrical zenith angle and refractivity at a single point.
The signal path between two adjacent NWP model levels is a straight geometric line.
The signal path does not face essential modifications during the minimization of the 3D- or 4D-Var cost function (the signal path and SD are computed

separately).

2.4. Summary of the Differences Between the
Algorithms

[25] Table 1 summarizes the assumptions and approxi-
mations that are made in the GPC and LTT algorithms.
There are three fundamental differences that can be pointed
out between the two SD modeling algorithms. The differ-
ences relate to the task of signal path determination;
integration of the refractivity to yield the modeled SD is
performed essentially in a similar manner by the two
algorithms. The differences in the signal path determination
are discussed next.

[26] The first difference is that while the LTT algorithm
operates on NWP model refractivity as interpolated in a
two-dimensional array, the GPC model operates on the full
three-dimensional NWP model grid of pressure, tempera-
ture and specific humidity. The input to the LTT algorithm is
thus substantially reduced as compared with the input to the
GPC model.

[27] Second, the GPC model provides an explicit signal
path, i.e., a set of three-dimensional coordinates that define
the signal path. Once the signal path is determined (after the
second iteration as discussed in section 2.3), it is kept fixed
until the end of the data assimilation. Even though the
minimization of the cost function modifies the NWP model
state, the signal path is not modified. The treatment of the
signal path in the LTT algorithm is rather different. In the
LTT algorithm, the signal path is fully governed by
the differential equations (6)—(8), and the path is therefore
modified also during the minimization of the 3D- or 4D-Var
cost function.

[28] Third, the GPC model applies the Snell’s law of
wave propagation in order to provide an explicit correction
to the geometrical satellite zenith angle. The LTT algo-
rithm, in contrast, determines SD as a linear combination of
two preliminary estimates. It is assumed that the weighting,
that is based on the angular separations of the two signal
paths at r,,, correctly accounts for the effect of refractive
bending.

3. Accuracy of SD Modeling

[20] This section provides an analysis of modeling accu-
racy of the LTT model as compared with that of the

referencing GPC model. The two implementations are
applied to HIRLAM NWP model output.

3.1. HIRLAM NWP Model Output

[30] Three hour numerical forecasts of /n p,, T and ¢ are
retrieved from the output of the HIRLAM NWP model
on 40 levels in vertical. Two horizontal resolutions,
corresponding to grid spacings of 11 and 5.6 km, respec-
tively, are used. This extends the assessment to the impact
of changing the horizontal resolution of the NWP model.
The modeling domains are shown in Figure 1. The bound-
ary conditions for the limited area NWP model are retrieved
from HIRLAM analyses of a coarser resolution (grid
spacing 22 km) run. The analysis cycling is 3 h. Only
conventional observation types including TEMP, PILOT,
SYNOP, SHIP, AIREP and DRIBU observations are used in
data assimilation.

3.2. SD Observation Data Set

[31] The SD observations for the validation are prepro-
cessed at the Technical University of Delft, Netherlands
[de Haan et al., 2002]. The data set spans over time period
of 1-24 May 2003. This study utilizes data from 15 GPS
receiver stations located at a sufficiently large distance from
the lateral boundary of the inner NWP model domain, such
that all signal paths are entirely within the NWP model
lateral boundaries. The receiver station locations are shown
in Figure 1. The temporally thinned data set gathers
observations at 10 minute time interval. Intermediate data
is not used. With this experiment setup, a subset of 280 149
SD observations enters the validation.

[32] The preprocessing of SD observations makes use of
two fundamental assumptions. First, the fitting residuals of
the geodetic network solution are interpreted as the azi-
muthally asymmetric contribution of SD. Second, it is
assumed that the effect of signal multipath propagation
can be accurately modeled by so-called multipath maps,
which are constructed by averaging the fitting residuals over
a time period of several days. The multipath maps are
generated separately for each receiver station and they
represent the multipath effect at different azimuth and zenith
angles. Under these assumptions the preprocessing of SD
observations is started by collecting raw GPS pseudorange
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